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Abstract
In an earlier paper (A. N. Kochubei, Pacif. J. Math. 269 (2014), 355–369), the author
considered a restriction of Vladimirov’s fractional differentiation operator Dα, α > 0, to
radial functions on a non-Archimedean field. In particular, it was found to possess such
a right inverse Iα that the appropriate change of variables reduces equations with Dα
(for radial functions) to integral equations whose properties resemble those of classical
Volterra equations. In other words, we found, in the framework of non-Archimedean
pseudo-differential operators, a counterpart of ordinary differential equations. In the
present paper, we begin an operator-theoretic investigation of the operator Iα, and study
a related analog of the Laplace transform.
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1 Introduction
The basic linear operator defined on real- or complex-valued functions on a non-Archimedean
local field K (such as K = Qp, the field of p-adic numbers) is the Vladimirov pseudo-differential
operator Dα, α > 0, of fractional differentiation [14]; for further development of this subject
see [1, 7, 8, 17].
It was found in [10] that properties of Dα become much simpler on radial functions. More-
over, in this case it was found to possess a right inverse Iα, which can be seen as a p-adic coun-
terpart of the Riemann-Liouville fractional integral or, for α = 1, the classical anti-derivative.
The change of an unknown function u = Iαv reduces the Cauchy problem for an equation with
the radial restriction of Dα to an integral equation with properties resembling those of classical
Volterra equations. In other words, we found, in the framework of non-Archimedean pseudo-
differential operators, a counterpart of ordinary differential equations. In [10], we studied linear
equations of this kind; nonlinear ones were investigated in [12].
In this paper we study the operator I1 on the ring of integers O ⊂ K as an object of operator
theory. The operator I1 on L2(O) happens to be a sum of a bounded selfadjoint operator
and a simple Volterra operator I10 with a rank two imaginary part J , such that trJ = 0.
The characteristic matrix-function W (z) of I10 is such that W (z
−1) is, in contrast to classical
examples, an entire matrix function of zero order.
While the theory of Volterra operators and their characteristic functions is well-developed
(see [4, 3, 5, 13, 16]), properties of the above operator are very different from those known for
operators of classical analysis and their generalizations. Therefore, while I1 and I10 are just
specific examples, they create a framework for future studies in this area.
Another subject touched in this paper is a version of the Laplace transform. The classical
Laplace transform is based on the function x 7→ e−λx satisfying an obvious differential equation.
A similar equation involving Dα has a unique radial solution [9]. This leads to a definition of
the Laplace type transform in the above framework. We prove a uniqueness theorem and the
inversion formula for this transform.
2 Preliminaries
2.1. Local fields. Let K be a non-Archimedean local field, that is a non-discrete totally
disconnected locally compact topological field. It is well known that K is isomorphic either to
a finite extension of the field Qp of p-adic numbers (if K has characteristic 0), or to the field
of formal Laurent series with coefficients from a finite field, if K has a positive characteristic.
For a summary of main notions and results regarding local fields see, for example, [8].
Any local field K is endowed with an absolute value | · |K , such that |x|K = 0 if and only
if x = 0, |xy|K = |x|K · |y|K, |x + y|K ≤ max(|x|K , |y|K). Denote O = {x ∈ K : |x|K ≤ 1},
P = {x ∈ K : |x|K < 1}. O is a subring of K, and P is an ideal in O containing such
an element β that P = βO. The quotient ring O/P is actually a finite field; denote by q its
cardinality. We will always assume that the absolute value is normalized, that is |β|K = q
−1.
The normalized absolute value takes the values qN , N ∈ Z. Note that for K = Qp we have
β = p and q = p; the p-adic absolute value is normalized.
The additive group of any local field is self-dual, that is if χ is a fixed non-constant complex-
2
valued additive character of K, then any other additive character can be written as χa(x) =
χ(ax), x ∈ K, for some a ∈ K. Below we assume that χ is a rank zero character, that is
χ(x) ≡ 1 for x ∈ O, while there exists such an element x0 ∈ K that |x0|K = q and χ(x0) 6= 1.
The above duality is used in the definition of the Fourier transform over K. Denoting by
dx the Haar measure on the additive group of K (normalized in such a way that the measure
of O equals 1) we write
f˜(ξ) =
∫
K
χ(xξ)f(x) dx, ξ ∈ K,
where f is a complex-valued function from L1(K). As usual, the Fourier transform F can be
extended from L1(K) ∩ L2(K) to a unitary operator on L2(K). If Ff = f˜ ∈ L1(K), we have
the inversion formula
f(x) =
∫
K
χ(−xξ)f˜(ξ) dξ.
Working with functions on K and operators upon them we often use standard integration
formulas; see [8, 14]. The simplest of them are as follows:∫
|x|K≤qn
dx = qn;
∫
|x|K=qn
dx =
(
1−
1
q
)
qn.
∫
|x|K≤qn
|x|α−1K dx =
1− q−1
1− q−α
qαn; here and above n ∈ Z, α > 0.
A function f : K → C is said to be locally constant, if there exists such an integer l that
for any x ∈ K
f(x+ x′) = f(x), whenever |x′| ≤ q−l.
The vector space D(K) of all locally constant functions with compact supports is used as
a space of test functions in analysis on K. Note that the Fourier transform preserves D(K).
There exists a well-developed theory of distributions on local fields; see [1, 8, 14].
2.2. Vladimirov’s operator. On a test function ϕ ∈ D(K), the fractional differentiation
operator Dα, α > 0, is defined as
(Dαϕ) (x) = F−1 [|ξ|αK(F(ϕ))(ξ)] (x). (2.1)
Note that Dα does not preserve D(K); see [1] regarding the spaces of test functions and
distributions preserved by this operator.
The operator Dα can also be represented as a hypersingular integral operator:
(Dαϕ) (x) =
1− qα
1− q−α−1
∫
K
|y|−α−1K [ϕ(x− y)− ϕ(x)] dy (2.2)
[8, 14]. In contrast to (2.1), the expression in the right of (2.2) makes sense for wider classes of
functions. In particular, Dα is defined on constant functions and annihilates them. Denote for
brevity θα =
1− qα
1− q−α−1
.
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Below we consider the operator Dα on a radial function u = u(|x|K); here we identify the
function x 7→ u(|x|K) on K with the function |x|K 7→ u(|x|K) on q
Z. This abuse of notation
does not lead to confusion.
The explicit expression of Dαu for a radial function u satisfying some growth restrictions
near the origin and infinity was found in [10]. If u = u(|x|K) is such that
m∑
k=−∞
qk
∣∣u(qk)∣∣ <∞, ∞∑
l=m
q−αl
∣∣u(ql)∣∣ <∞, (2.3)
for some m ∈ Z, then for each n ∈ Z the expression in the right-hand side of (2.2) with
ϕ(x) = u(|x|K) exists for |x|K = q
n, depends only on |x|K , and
(Dαu)(qn) = θα
(
1−
1
q
)
q−(α+1)n
n−1∑
k=−∞
qku(qk) + q−αn−1
qα + q − 2
1− q−α−1
u(qn)
+ θα
(
1−
1
q
) ∞∑
l=n+1
q−αlu(ql). (2.4)
Under the conditions (2.3), the expression (2.4) agrees also with the definition of Dα in
terms of Bruhat-Schwartz distributions (see Chapter 2 of [14]).
2.3. The regularized integral. The fractional integral mentioned in Introduction, was
defined in [10] initially for ϕ ∈ D(K) as follows:
(Iαϕ)(x) = (D−αϕ)(x)− (D−αϕ)(0) (∗)
where D−α is the right inverse of Dα introduced by Vladimirov [14]:(
D−αϕ
)
(x) = (fα ∗ ϕ)(x) =
1− q−α
1− qα−1
∫
K
|x− y|α−1K ϕ(y) dy, α 6= 1,
(
D−1ϕ
)
(x) =
1− q
q log q
∫
K
log |x− y|Kϕ(y) dy.
D−1 is a right inverse to D1 only on such functions ϕ that∫
K
ϕ(x) dx = 0.
On such a function ϕ we have also D−1D1ϕ = ϕ.
The above definition (∗) leads to explicit expressions
(Iαϕ)(x) =
1− q−α
1− qα−1
∫
|y|K≤|x|K
(
|x− y|α−1K − |y|
α−1
K
)
ϕ(y) dy, α 6= 1,
and
(I1ϕ)(x) =
1− q
q log q
∫
|y|K≤|x|K
(log |x− y|K − log |y|K)ϕ(y) dy.
4
Note that the integrals are taken, for each fixed x ∈ K, over bounded sets, and (Iαϕ)(0) = 0.
These properties are different from those of the anti-derivatives D−α studied in [14].
Let u = u(|x|K) be a radial function, such that
m∑
k=−∞
max
(
qk, qαk
) ∣∣u(qk)∣∣ <∞, if α 6= 1,
and
m∑
k=−∞
|k|qk
∣∣u(qk)∣∣ <∞, if α = 1,
for some m ∈ Z. Then [10] Iαu exists, it is a radial function, and for any x 6= 0,
(Iαu)(|x|K) = q
−α|x|αKu(|x|K) +
1− q−α
1− qα−1
∫
|y|K<|x|K
(
|x|α−1K − |y|
α−1
K
)
u(|y|K) dy, α 6= 1,
and
(I1u)(|x|K) = q
−1|x|Ku(|x|K) +
1− q
q log q
∫
|y|K<|x|K
(log |x|K − log |y|K) u(|y|K) dy. (2.5)
On an appropriate class of radial functions, Iα is a right inverse to Dα [10].An important
difference between D−α and Iα is the bounded integration domain in the integral formulas for
Iα.
2.4. Radial eigenfunctions of Dα.
The operator Dα defined initially on D(K) is, after its closure in L2(K), a selfadjoint
operator with a pure point spectrum {qαN , N ∈ Z} of infinite multiplicity and a single limit
point zero.
It was shown in [9] that for each N ∈ Z, there exists a unique (up to the multiplication by
a constant) radial eigenfunction
vN (|x|K) =

1, if |x|K ≤ q
−N ,
− 1
q−1
, if |x|K = q
−N+1,
0, if |x|K ≥ q
−N+2,
(2.6)
corresponding to the eigenvalue λ = qαN . Below we interpret this function as an analog of
the classical exponential function x 7→ e−λx. Note that vN ∈ D(K); this is a purely non-
Archimedean phenomenon reflecting the unusual topological property of K, its total discon-
nectedness.
The operator DαO in the space L
2(O) on the ring of integers (unit ball) O is defined as
follows. Extend a function ϕ ∈ D(O) (that is a function ϕ ∈ D(K) supported in O) onto K
by zero. Apply Dα and consider the resulting function on O. After the closure in L2(O) we
obtain a selfadjoint operator DαO with a discrete spectrum [8, 14] (here we do not touch different
definitions from [2] and [11]).
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Denote by H the subspace in L2(O) consisting of radial functions. The functions vN ,
N = 1, 2, . . . belong to H, as well as the function
v0(|x|K) ≡ 1, |x|K ≤ 1.
By the definition of DαO, the functions vN are its eigenfunctions corresponding to the eigenvalues
qαN . As for v0, it is also an eigenfunction, with the eigenvalue µ0 =
q − 1
qα+1 − 1
qα [8, 14]. Therefore
{vN}N≥0 is an orthonormal system in L
2(O), hence in H.
We have ‖v0‖ = 1 (‖ · ‖ is the norm in H),
‖vN‖
2 =
∫
|x|K≤q−N
dx+ (q − 1)−2
∫
|x|K=q−N+1
dx = q−N + (q − 1)−2q−N+1(1−
1
q
) = (q − 1)−1q−N ,
∫
|x|K≤1
vN(|x|K) dx = 0, N ≥ 1.
Therefore the functions
e0(|x|K) ≡ 1; eN(|x|K) = (q − 1)
1/2qN/2vN(|x|K), N ≥ 1, (2.7)
form an orthonormal system in H.
Lemma 1. The sytem {eN}N≥0 is an orthonormal basis in H.
Proof. Let u ∈ H be orthogonal to all the functions eN . Then∫
|x|K≤1
u(|x|K) dx = 0,
so that
0∑
j=−∞
u(qj)qj = 0 (2.8)
and ∫
|x|K≤q−N
u(|x|K) dx− (q − 1)
−1
∫
|x|K=q−N+1
u(|x|K) dx = 0,
so that
−N∑
j=−∞
u(qj)qj − (q − 1)−1u(q−N+1) = 0, N = 1, 2, . . . . (2.9)
Subtracting from (2.8) the equality (2.9) with N = 1, we find that u(1) = 0. Now the
equality (2.9) with N = 1 takes the form
−1∑
j=−∞
u(qj)qj = 0,
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while (2.9) with N = 2 yields
−2∑
j=−∞
u(qj)qj − (q − 1)−1u(q−1) = 0.
Subtracting we obtain that u(q−1) = 0.
Repeating the above reasoning we find that u = 0. 
Another (obvious) orthonormal basis in H is
fn(|x|K) =
{
(1− 1
q
)−1/2qn/2, if |x|K = q
−n;
0, elsewhere,
n = 0, 1, 2, . . . . (2.10)
The next result is of some independent interest.
Proposition 1. The set of “polynomials”
u(|x|K) =
N∑
n=1
an|x|
n
K , an ∈ C, N ≥ 1, (2.11)
is dense in H.
Proof. Suppose that a function F ∈ H is orthogonal to all the functions Xl(|x|K) = |x|
l
K ,
l ≥ 1. Using the basis (2.10), write
F =
∞∑
n=0
cnfn, {cn} ∈ l
2.
We have
〈Xl, fn〉 = (1−
1
q
)−1/2qn/2
∫
|x|K=q−n
|x|lK dx = (1−
1
q
)1/2q−n/2−nl,
so that
〈F,Xl〉 = (1−
1
q
)1/2
∞∑
n=0
cnq
−n/2−nl = 0, l = 1, 2, . . . .
Denoting β = q−1, bn = cnq
−n/2, we see that the vector (b0, b1, b2, . . .) ∈ l
2 is orthogonal in
l2 to each vector (1, βl, β2l, . . .), l ≥ 1. It is known ([6], Problem 6) that the set of all these
vectors is total in l2, so that F = 0. 
In fact, the above reasoning proves the density of polynomials (2.11) in a wider weighted
space determined by the condition {cnq
−n/2} ∈ l2.
7
3 Integration Operators
3.1. The operator I1. Let us study I1 as an operator in H, find its matrix representation
with respect to the basis {eN} and investigate the spectrum of I
1.
Proposition 2. The operator I1 has the matrix representation
I1 =

0 −(q − 1)1/2q−1/2 −(q − 1)1/2q−1 . . . −(q − 1)1/2q−n/2 . . .
0 q−1 0 . . . 0 . . .
0 0 q−2 . . . 0 . . .
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
0 0 0 . . . q−n . . .
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

(only the first row and the principal diagonal have nonzero elements). I1 is a Hilbert-Schmidt
operator. Apart from being a point of essential spectrum, λ = 0 is a simple eigenvalue. In
addition, I1 has simple eigenvalues λm = q
−m, m = 1, 2, . . ..
Proof. Since the integral of each function eN , N ≥ 1, equals zero, we have D
−1D1eN = eN .
On the other hand, D1eN = q
NeN , so that D
−1eN = q
−NeN , and by the definition (∗) of I
1,
I1eN = q
−NeN − (q − 1)
1/2q−N/2e0, N = 1, 2, . . . . (3.1)
Next, (I1e0)(|x|K), |x|K ≤ 1, depends only on the values of e0 for |x|K ≤ 1. Let f(x) ≡ 1,
x ∈ K. Then I1f = 0 [10], so that
I1e0 = 0 in H. (3.2)
The equalities (3.1) and (3.2) imply the required matrix representation, which implies the
Hilbert-Schmidt property.
Let us find the eigenvalues of I1. As we have seen, I1e0 = 0. Suppose that
u =
∞∑
n=0
cnen, {cn} ∈ l
2, I1u = λu.
By (3.1) and (3.2),
I1u =
∞∑
n=1
q−ncnen −
[
∞∑
n=1
(q − 1)1/2q−n/2cn
]
e0,
and we find that  λc0 = −(q − 1)
1/2
∞∑
n=1
q−n/2cn;
λcn = q
−ncn, n ≥ 1.
(3.3)
A nonzero value of cn(n ≥ 1) is possible only for a single index n = m, and in this case
λ = q−m. Then the first equation in (3.3) gives cm = −(q − 1)
−1/2q−m/2c0, so that
u = c0e0 − (q − 1)
−1/2q−m/2c0em
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is the unique (up to the multiplication by a constant) eigenfunction. 
3.2. A local representation. The definition (∗) of the operator Iα involves operators in
L2(K); then we make restrictions to L2(O) and H. In this section we show, for the case where
α = 1, that a similar representation containing only operators in L2(O) is also possible.
Theorem 1. If u ∈ L2(O), then
(I1u)(x) =
((
D1O
)−1
u
)
(x)−
((
D1O
)−1
u
)
(0). (3.4)
Proof. In [11], we found the resolvent (D1O − µ0 + µ)
−1
where µ0 =
q
q + 1
(the first eigenvalue
of D1O), µ > 0. In [11], in connection with nonlinear equations, we considered operators in
L1(O), but the result is valid for L2(O) too. For µ = µ0,(
D1O
)−1
u(x) =
∫
|ξ|K≤1
K(x− ξ)u(ξ) dξ + µ−10
∫
|ξ|K≤1
u(ξ) dξ, (3.5)
where for |x|K = q
m, m ≤ 0,
K(x) =
∫
q≤|η|K≤q−m+1
|η|−1K χ(ηx) dη.
Using the well-known integration formula (see, for example, Section 1.5 in [8]), we get
K(x) =
−m+1∑
j=1
q−j
∫
|η|K=qj
χ(ηx) dη = (1−
1
q
)
−m∑
j=1
1− q−1
= −(1−
1
q
)m− q−1 =
1− q
q log q
log |x|K − q
−1.
By (3.5), (
D1O
)−1
u(x) =
1− q
q log q
∫
|ξ|K≤1
log |x− ξ|Ku(ξ) dξ +
∫
|ξ|K≤1
u(ξ) dξ.
Comparing with the expression for I1 and noticing that |x− ξ|K − |ξ|K = 0, if |ξ|K > |x|K , we
obtain (3.4). 
3.3. The Volterra operator. Let us consider the integral part of (2.5), the operator(
I10u
)
(x) =
1− q
q log q
∫
|y|K<|x|K
(log |x|K − log |y|K) u(|y|K) dy.
Recall [4] that a compact operator is called a Volterra operator, if its spectrum consists of the
unique point λ = 0. An operator A is called simple, if A and A∗ have no common nontrivial
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invariant subspace, on which these operators coincide. It is known [4] that a Volterra operator
A is simple, if and only if the equations Af = 0 and A∗f = 0 have no common nontrivial
solutions.
The main technical tool in the study of I10 is the identity [10]∫
|y|K<|x|K
(log |x|K − log |y|K) |y|
m
K dy = dm|x|
m+1
K , m = 0, 1, 2, . . . , (3.6)
where 0 < dm ≤ Aq
−m, A > 0 does not depend on m.
Theorem 2. The operator I10 in H is a simple Volterra operator with a rank 2 imaginary part
J = 1
2i
(A−A∗), such that trJ = 0.
Proof. 1) Suppose that I10u = λu, u ∈ H, λ ∈ C, λ 6= 0. Then for |x|K ≤ 1,
|u(|x|K)| ≤
c
|λ|
‖u‖L2(O)
 ∫
|y|K<|x|K
(log |x|K − log |y|K)
2 dy

1/2
≤
c
|λ|
‖u‖L2(O)
[
q−1|x|K(log |x|K)
2
]1/2
≤ H
where c =
q − 1
q log q
, H is a positive constant.
This implies the estimate
|u(|x|K)| ≤
cH
|λ|
∫
|y|K<|x|K
(log |x|K − log |y|K) dy,
and by the identity (3.6) with m = 0,
|u(|x|K)| ≤
cHA
|λ|
|x|K .
Similarly, the identity (3.6) with m = 1 gives
|u(|x|K)| ≤
c2HA2
|λ|2
q−1|x|2K ,
and we find by induction that
|u(|x|K)| ≤
cm+1HAm+1
|λ|m+1
q−1q−2 · · · q−m+1|x|m+1K , (3.7)
for an arbitrary natural number m.
Note that
q−1q−2 · · · q−m+1 =
(
1
q
)m(m−1)/2
.
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Together with (3.7), this shows that u ≡ 0.
2) It follows from the definition of I10 that λ = 0 is an eigenvalue corresponding to the
eigenfunction
u0(|x|K) =
{
1, if |x|K = 1;
0, if |x|K < 1.
(3.8)
Let us show that λ = 0 does not correspond to other eigenfunctions.
Suppose that I10ϕ = 0 for some ϕ ∈ H, so that
n−1∑
j=−∞
(n− j)qjϕ(qj) = 0, n = 0,−1,−2, . . . . (3.9)
Together with (3.9), consider a similar equality with n − 1 substituted for n, that is Suppose
that I10ϕ = 0 for some ϕ ∈ H, so that
n−2∑
j=−∞
(n− 1− j)qjϕ(qj) = 0, n = 0,−1,−2, . . . . (3.10)
Subtracting (3.9) from (3.10) we find that
n−1∑
j=−∞
qjϕ(qj) = 0, n = 0,−1,−2, . . . ,
that is, in particular,
qn−1ϕ(qn−1) + qn−2ϕ(qn−2) + · · · = 0,
qn−2ϕ(qn−2) + qn−3ϕ(qn−3) + · · · = 0,
Subtracting the second equality from the first one, we find that ϕ(q−1) = ϕ(q−2) = . . . = 0, so
that ϕ is proportional to the eigenfunction (3.8).
3) The imaginary part J has the following matrix representation with respect to the basis
{eN}:
J =
(q − 1)1/2
2i

0 −q−1/2 −q−1 . . . −q−N/2 . . .
q−1/2 0 0 . . . 0 . . .
q−1 0 0 . . . 0 . . .
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
q−N/2 0 0 . . . 0 . . .
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
 . (3.11)
It is easy to write an integral representation
(Ju)(|x|K) =
1− q
2iq log q
∫
|y|k≤1
(log |x|K − log |y|K)u(|y|K dy, (3.12)
that is
(Ju)(|x|K) =
1− q
2iq log q
[〈u, 1〉 log | · |K − 〈u, log | · |K〉1] (3.13)
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hence J is a rank 2 operator. We see from (3.11) that tr J = 0.
4) The only solution in H (up to the multiplication by a constant) of the equation I10u = 0
is the eigenfunction u0 given by (3.8). Suppose that (I
1
0 )
∗
u0 = 0. Then Ju0 = 0. However by
(3.12),
(Ju0)(|x|K) =
1− q
2iq log q
log |x|K
∫
|y|K=1
dy = −
(q − 1)2
2iq2 log q
log |x|K ,
so that Ju0 6≡ 0, and we have come to a contradiction. This proves that I
1
0 is a simple Volterra
operator. 
Let us calculate the action of I10 upon the basis {fn} defined in (2.10). We find for |x|K =
q−j, j ≥ 0, that
(
I10fn
)
(|x|K) = −
(1− q−1)1/2
log q
qn/2
∫
|y|K<q−j ,|y|K=q−n
(log |x|K − log |y|K) dy
= (1− q−1)1/2qn/2(j − n)
∫
|y|K<q−j ,|y|K=q−n
dy =
{
(1− q−1)3/2q−n/2(j − n), if n > j;
0, if n ≤ j.
This implies the equality
〈I10fn, fj〉 = 0 for n ≤ j,
meaning that {fn} is a basis of triangular representation for the operator I
1
0 .
Remark. The operator I10 is S-real with respect to the involution S in H given by the
complex conjugation. Therefore it is S-unicellular ([4], Appendix, Theorem 5.5). It is not clear
whether it is unicellular in the usual (complex) sense. However it is unicellular in a smaller
space Hp defined as a completion of the set of all “polynomials” ϕ(|x|K) =
N∑
j=0
cj |x|
j
K with
respect to the norm ‖ϕ‖ = {
∑
|cj|
p}1/p,1 ≤ p <∞. By virtue of (3.6), I10 acts on the space H
p
(isomorphic to lp) as a weighted shift, for which the unicellularity was proved by Yakubovich
[15].
3.4. Characteristic function. Following the notation in [5], let us write (3.13) in the
form
1
i
(
I10 −
(
I10
)∗)
u =
2∑
α,β=1
〈u, hα〉jαβhβ
where h1(|x|K) =
q − 1
iq log q
(= const), h2(|x|K) = − log |x|K , x ∈ O, j = ( 0 11 0 ). For the operator
I10 , we consider the 2× 2 characteristic matrix-function of inverse argument
W (z−1) = E + izj
[
〈
(
E − zI10
)−1
hα, hβ〉
]2
α,β=1
where E denotes both the unit operator in H and the unit matrix.
For the Volterra operator I10 , W (z
−1) is an entire matrix-function.
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Theorem 3. Matrix elements of W (z−1) are entire functions of zero order.
Proof. For small values of |z|, the Fredholm resolvent (E − zI10 )
−1
is given by the Neumann
series (
E − zI10
)−1
f =
∞∑
n=0
(
zI10
)n
f, f ∈ H.
In order to calculate the characteristic function,we have to compute the functions (I10 )
n
1 and
(I10 )
n
log | · |K . The first of them is obtained easily from (3.6):
((
I10
)n
1
)
(|x|K) = c
n
n−1∏
m=0
dm · |x|
n
K , |x|K ≤ 1,
where c =
1− q
q log q
, 0 < dm ≤ Aq
−m. Summing the progression we find that
((
E − zI10
)−1
1
)
(|x|K) =
∞∑
n=0
ρnz
n|x|nK , |ρn| ≤ C
nq−n
2/2, (3.14)
where C > 0 is a constant.
Let us consider (I10 )
n
log | · |K . We have(
I10 log | · |K
)
(|x|K) = c
∫
|y|K<|x|K
(log |x|K − log |y|K) log |y|K dy.
Setting y = xt, |t|K < 1, we obtain
(
I10 log | · |K
)
(|x|K) = −c|x|K
∫
|t|K<1
log |t|K(log |x|K+log |t|K) dt = −ca0|x|K log |x|k−cb0|x|K
def
= σ1|x|K log |x|K − η1|x|K
where
a0 =
∫
|t|K<1
log |t|K dt, b0 =
∫
|t|K<1
log2 |t|K dt.
A similar calculation yields the expression(
I10 (| · |K log | · |K)
)
(|x|K) = −ca1|x|
2
K log |x|k − cb1|x|
2
K
where
a1 =
∫
|t|K<1
|t|K log |t|K dt, b1 =
∫
|t|K<1
|t|K log
2 |t|K dt.
Together with (3.6), this implies the formula((
I10
)2
log | · |K
)
(|x|K) = c
2a0a1|x|
2
K log |x|k+c
2a0b1|x|
2
K−cb0d1|x|
2
K
def
= σ2|x|
2
K log |x|K+η2|x|
2
K .
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Introducing similar constants for the next iterations,
an =
∫
|t|K<1
|t|nK log |t|K dt, b1 =
∫
|t|K<1
|t|nK log
2 |t|K dt,
and noticing that |an|, |b|n ≤Mq
−n, we prove by induction that(
I10
)n
log | · |K = σn|x|
n
K log |x|K + ηn|x|
n
K (3.15)
where |σn|, |η|n ≤ C
nq−1q−2 · · · q−n+1 = Cnq−n(n−1)/2.
It follows from (3.15) that((
E − zI10
)−1
log | · |K
)
(|x|K) =
∞∑
n=0
σnz
n|x|nK log |x|K +
∞∑
n=0
ηnz
n|x|nK
where |σn|, |ηn| ≤ C
n
1 q
−n2/2.
Now we can compute the matrix-function W (z−1). By (3.14),
〈
(
E − zI10
)−1
h1, h1〉 = const ·
∞∑
n=0
ρnz
n
∫
|x|n
K
≤1
dx =
∞∑
n=0
γnz
n
where |γn| ≤ C
n
2 q
−n2/2, so that this matrix element is an entire function of zero order. Other
matrix elements are estimated similarly on the basis of (3.15), by inserting 1 as an upper bound
of |x|K and taking into account the convergence of the integrals of log |x|K and log
2 |x|K . 
4 The Laplace Type Transform
4.1. Definition and Properties. Our definition of a Laplace type transform is based on
the function vN given by (2.6). It is essential that vN ∈ D(K). As we know, D
αvN = q
αNvN
(α > 0).
Let ξ ∈ K, |ξ|K = q
N . Then for any x ∈ K, vN(|x|K) = v0(|xξ|K),
Dαxv0(|xξ|K) = D
α
xvN (|x|K) = q
αNvN (|x|K) = |ξ|
α
Kv0(|xξ|K).
We call the function
ϕ˜(|ξ|K) =
∫
K
v0(|xξ|K)ϕ(|x|K) dx
the Laplace type transform of a radial function ϕ ∈ L1loc(K). By the dominated convergence
theorem, ϕ˜ is continuous, bounded, and ϕ˜(|ξ|K)→ 0, |ξ|K →∞.
As a simple computation shows, if ϕ(|x|K) ≡ const, then ϕ˜(|ξ|K) ≡ 0.
The above calculations, together with the selfadjointness of Dα in L2(K), show that
D˜αϕ(|ξ|K) =
∫
K
(Dαxv0(|xξ|K)) (|x|K)ϕ(|x|K) dx = |ξ|
α
Kϕ˜(|ξ|K), ξ ∈ K.
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Theorem 4 (uniqueness). If ϕ˜(|ξ|K) ≡ 0, then ϕ(|x|K) ≡ const.
Proof. By the definition,
ϕ˜(|ξ|K) =
∫
|x|K≤|ξ|
−1
K
ϕ(|x|K) dx−
1
q − 1
∫
|x|K=q|ξ|
−1
K
ϕ(|x|K) dx.
Let |ξ|K = q
n, n ∈ Z. Then
ϕ˜(qn) = (1−
1
q
)
−n∑
j=−∞
ϕ(qj)qj − ϕ(q−n+1)q−n.
If we denote ϕ˜(qn) = fn, then
fn+1 = (1−
1
q
)
−n−1∑
j=−∞
ϕ(qj)qj − ϕ(q−n)q−n−1,
so that
fn − fn+1 = q
−n
[
ϕ(q−n)− ϕ(q−n+1)
]
. (4.1)
If ϕ˜(qn) = 0 for all n, then, by (4.1), ϕ(q−n) = ϕ(q−n+1) for all n, so that
ϕ(q−n) ≡ const. 
The identity (4.1) is of some independent interest, and we formulate it as a corollary.
Corollary 1. For all n ∈ Z,
ϕ˜(qn)− ϕ˜(qn+1) = q−n
[
ϕ(q−n)− ϕ(q−n+1)
]
. (4.2)
Corollary 2. A function ϕ is (strictly) monotone, if and only if ϕ˜ is (strictly) monotone.
4.2. Inversion formula.
Theorem 5. For each n = 1, 2, . . .,
ϕ(qm) = ϕ(1) +
m−1∑
j=0
q−j
[
ϕ˜(q−j+1)− ϕ˜(q−j)
]
, (4.3)
ϕ(q−m) = ϕ(1) +
m∑
j=1
qj
[
ϕ˜(qj)− ϕ˜(qj+1)
]
, (4.4)
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Proof. According to (4.2),
ϕ(1)− ϕ(q) = ϕ˜(1)− ϕ˜(q),
ϕ(q)− ϕ(q2) = q−1
[
ϕ˜(q−1)− ϕ˜(1)
]
,
ϕ(q2)− ϕ(q3) = q−2
[
ϕ˜(q−2)− ϕ˜(q−1)
]
,
etc. Summing up the first m equalities we obtain (4.3).
Similarly, by (4.2),
ϕ(q−1)− ϕ(1) = q
[
ϕ˜(q)− ϕ˜(q2)
]
,
ϕ(q−2)− ϕ(q−1) = q2
[
ϕ˜(q2)− ϕ˜(q3)
]
,
etc, and the summation yields (4.4). 
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